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We defne k] |m|!lld|mcmfunul nmlloguc of a -ﬂlu,lc peaked prd‘u:cncn wd -
generalize the notion of o medixn voler scheme. Every onto stralegy-proof socinl

“choiee fanelion on a single-peaked domudn js « genernlized median voler sehere,
Since n smgle peaked preference can be identified unequivoeatly wlil its bijss poin,

. one enn view u social choiee function 8s an Arrowian sogiul welfare function. We -
show that 2 soeial choice function is slrdlcg}' prou[ ill, viewed as a social wellare
function, it satisfies a monulonlu]y properly. l"ilnlly. we inveslignte stralepic
decision  making - in hietarchical “tommittees, Fournal f;[ Ecpnomic - Literafure
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[. INTRODUCTION

~n this paper_ we study multidimensional generalizations of wo Tamiliar
concepls Moy socind choice (héary, median: voter schemes und single-

peaked  preferences,  in connection with  the. problem  of -designing

strategy-proof social choice mechiinisms, We prove that when prefercices
are multidimensional single-peaked, -surjective social choice funclions are

sttategy-proof il and only il they arc generalizéd median voler schemes,

We also, show that lhc:’:c'gchcmiized median vo.lar-s'thcm'cs cz!ﬁ be nicely
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UENERALIZED MEDIAN VOTER SCHEMIS 203

decomposed into simple rules, each of which involves the application of
median voling to u three-person commitiee,

When desipning eriterin for ussigning social ottcomes 1o individual
preference profiles, it would be interesting (o TulBil the fullowing 1wo
requirements: the members of sociely must find it in their interest (o truth-
fully reveal their preferences, and some amount ol social compromise
should be achieved, The classic resull of Gibbard and  Satterthwaite
{sce Gibbard 5], and Sutterthwaite {87) establishes - the difficulty of

- simultaneously meeting both of (hese objectives. Specifically, the Gibbard-

Satterthwaite Theorem states that il the image of a socia! choice function
has at least three elements und each member of the sociely can have any
preference ordering over the alternatives (which arc then al least three)
then the social choice function is either dictatorial or fails stralepy-
proofness. Thul is, for any won-dictutorial socinl choice Tunction there
is some situation in which at least one member of society benelits from
misrepresenting his preferences, )

Since it Is impossible 1o uccommodate truthlulness wnd compromise in
completely general situations, it becomes naturul 1o investignte 1he
possibility of designing strategy-proof social chojce funclions on more
restricted  domains, Domains con be restricted by the nnture of the
alternalives under consideration and by the cluss of preferences on such
alternatives that are considered admissible for agents who parlicipate in the
decision-making process. We concentrate on decision problems where the
set of alternatives can be represented as the cartestan product of f finite
integer intervals, B,, #,, .., By An Ituple e (x,), .., ;) describes nn alter
nalive by speeilying the values of all variables of social inlerest, This
description of alternatives as I-tuples of real values is quite standard, and
it is appropriate to model many interesting decision problems, For exam-
ple, each inlerval may correspond 1o an issue within a political platform,
or to one relevant feature among those describing nlternative public pro-

~ Jeets. Yulues within un interval woutd then stund for dilferent positions on

the corresponding issue, or for different specilications of the project with
respect lo he feature in question. A seemingly different kind of probleny
admilting the same representation for alternatives is that of selecting new
members to a club from o collection of | candidales, or which set of new
bills should be passed during a legislation. Here the wiernatives would be
the vertices of 1he {o, 1 } cube, where a 1 in the Jth dimension would repre-
sent the decision to admit the Jth candidate, or pass the S bill, and 2 0
would represent the decision to rejeet the Jih eandidute er bill, Tmplicitly,
we are assuming that uny combinution of ndmisible vitlues for each
criterion is itsell admissible, This means, for example, that any combination
of individunlly fensible specifications for a public project must itsell
describe o possible project,

-
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264 BARDERA, GUL, AND STACCHIETT

The one-dimensional cuse (ie., f=1) is the context in which single-
peaked prelerences are originally defined. Let the sel of alternalives be
B={a, a+1,., b}, for some integers o and A Then a strict preference
P over B is stid to be single-peaked if there exists 4 point «, P's
most preferred oulcome, such that Je—y| =la— ]+ {f-—-y| Implics § is
preferred to y. Thus, each single-peaked preference has u unique favorite
oulcome, called its bliss point, and any move away from the Tavorite
owtcome leads to less preferred alternatives. Note that this requirement
does not restrict the ranking of twe alternatives f and y, when f <a <y,
Alternatively, the array could represent political platforms or ¢hoices of
location.

In many problems, one dimension will not be rich encugh to describe the
allernatives, More generally, we could view the sel of allernalives as a
multidimensional grid, with the alternatives at the nodes und with cach
edge of Jength one. The distance belween any two allernatives o and f s
the- Teagth of any shortest puth between o and f. This is just the city
block metrie, induced by the L-norm. A preference witly bliss point a is
nliidimensional single-peaked if for any two allernatives f and y with jf
between o and y (i.e., with ! on a shortest path [rom a to y),-f is preferred
toy. g '

Our characterization of siralegy-proofl sociul choice functions over multi-
dimensional single-peaked prelerences (Theorem 3) is based on a number
of different sleps, each of which is interesting on its own. We first show thal
a stralepy-prool social choice lunction can only depend on e bliss points
of voters, if the range of the function is itsell a carlesian product of inter-
vals, Social choice functions that depend only on the bliss points of agents
are called voting schemes, '

Next we show that each strategy-proof voling scheme on our domains is
separable. That is, it can be decomposed into [ stralegy-proof voling
schemes, one for cach dimension of the array ol alternatives. Conversely,
any choice of [ stratepy-proofl voting schemes will uniguely define a
strategy-proof social choice finction whose range is a cartesinn producl,

The kst step of our charncterization of strategy-prool voling schemes
genernlizes the notion of median voter scheme, Congider the one-dimen-
sional case and the ordinary median voter scheme Let the number of
agents be 2k -+ 1. For any o, a coalition of & + | ngents with bliss puints less
thian or equal to o can puarantee an oulcome loss than or cqual lo o
Hence, any group of agents consisting of al leasl &+ 1 agents iy called a
winning coalilion al e Tn our generalization, we ¢all an arbitrary collection
of agents a winning conlition ul o if they ean guarunice an outeome no
grealer than « whenever all their bliss points are no greater than o We
show that every strategy-proof voting scheme is uniquely identilied by a
system of winning coalitions, conlaining the winning coalitions al each
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oulcame «. For any prolile of preferences, the ouleonye is the smallest
alternative ff such that the collection of voters with bliss point less than or
equal to ff is a winning coalition at i

In Section 3, we exploit the dunl interpretation of elements of the
Idimensionnl box, ws outcomes and single-peaked preferences with the
corresponding bliss point, to investigade the relationship between sociul
choice functions and social welfare functions. Specifically, we interpret each
subbox of the given multidimensional box as g potentinl choice problem
that society might encounter and vicw a social weltfare function as g map-
ping thal specifies for every profile of preferences a rule for making each of
those choices. For a fixed subbox we view the fmplied choices from this
subbox, given the profile of individun] prefercnces and the social welfare
function, as a social choice funclion. We prove that the rule for choosing
[rom the entire box is stridegy-proof il and only if the rule Tor choosing
{rom every subbox is stratepy-prool. Finally, given the dual interpretation
of mappings (rom n-tuples of bliss peints to outcomes for bliss points) as
social functions (sef's) and social welfare functions (swi's), we estublish the
equivalence of strutegy-proofuess and the noR-negative response properly,
which is a condition stightly stronger than Arrow's independence of
irrelevant -aliernatives.

, o . . , '
In Section 4, we further utilize the duality between sel's and swi’s to

analyze decentrulized decision-making rules and commiitecs, Tuke ny
voting schemes that map n profiles of preferences (bliss points) to oulcomes
(bliss points) and take unother vating scheme which maps the resulling
profile of m bliss points 1o biiss points. In this manner we obtain a single
voting scheme from profites of o blisy poinls to outcomes. We call every
such voling scheme a combination of voting schemes, We show that if each
of the initial voting schemes from n profiles 1o bliss points is stralepy-proof
and the finul voting scheme from m profiles to outcomes is strategy-prool,
then the combination iy strategy-proof. We interpret ench initin| stage
voting scheme as o commitice and the outcome of such voling schemes

- as the representative of the commiitee, Thus, commiliees chooss repre-

sentatives, and these representatives vote in other commilices 1o chooso
representatives, eie. We show that every strategy-proof voting scheme can be
decomposed {or decentralized) into a hierarchy of three-person committecs
such-that the vofing rule in cach commitiee is the (ordinary) medisn voier
rule,

There are three papers closely related to ours, Moulin [7] provides an
extensive treatment of strategy-proofl social cheice functions over one-
dimensionat single-peaked preferences, He confines dltention to voling
schemes and provides two separate characterizations of stralegy-proofl
voting schemes, one for the anonymous. case and one for the general cose,
His characterization also provides an alternative decomposition resulf for
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the one-dimensional ense, resembling our commitlee-tree structure. Border
and Jordan [3] deal with the case in which the set of alternatives is %Y and
study a variety of domain restrictions, None of their domain restrictions
correspond exactly to our notion of a4 single-peaked preference. For certain
domain restrictions they obtain resulis similar o our Theorem ! and
Theorem 2 {scparability); for other restrictions, they show that dictalor-
ships or constants are the only straicgy-proof social choice Tunctions.
We provide & more extensive compurison belween the results of Lhese two
papers and ours in Section 5. Finally, Barberd, Sonnenschein ond Zhou
2] deal with the problem we mentioned ubove. A given society is faced
with the problem of deciding on { separale issues. Eacl decision entails
acceplance or rejection. They require that preferences be: separable and
provide a characterization result for their binary Tramework. This

-eorresponds (o a special case of our representation lheorem of social choice

functions in tlerms of generalized median voter schemes, Similar to our first
theorem, they also prove thal voling schumes are unrestriclive i their
selting,

Earlier work by Kramer [6] and Shepsle {97 on majorily voting and
generalizations of the majority rule also relate lo our work, Kramer
provides the definition of a voling rule {due to Furqubarson [4]) Their
voling rufes arc a subclass of our generulized median voler schemes. An
implication of Kramer's results IS that voting rulc&; are s{m!cg,y proof; we
prove the converse,

Shepsle [9] expands (he analysis of Kranier [6] by sllowing for more
institutional detail. He defines the notion of u preference-induced equi-

 librium which essentially corresponds to the notion of n majority winner. He

utilizes the added institulionul detail o provide o wenker notion of equi-
librium, which he calls a structure-induced equilibrium. 1n the particular
example that he analyzes in detail, he defines an outcome to be a struclure-
induced equilibrium if, by devmtmg only on one dimension, no agent is
able lo oblain a better- outcome,' Thus, the product of the median of each
dimension turns out_to be a stfucture-induced eguilibrivm, Since only
devialions in one dimension are considered, Shepsle does not (and need
not) impese the requirement that the most preferred outcome along auny

_ dimension is independent of the outcomes of the other dimensions (ie.,

what we call multidimensiona! single-peakedness). Hence, his theorems
only require strict quasi-concuvity. As a result, (he median voler scheme is
not strategy-proof on the domain of preferences considered by Shepste [9]
{sce Theorem 6),

! This follews from what Shepsle ealls "the Jurisdictional arrangement consisting of the basis
veelon” amd the "germnneness rule for pmendments.”
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2. VoriNg SCheMEs AND SINGLE-PEAKED PREFERENCES

For a finile sel Y, #x denoles its ¢

clements contained in X} Z denotes the sel of integer numbers, and N

denotes the set of nounegulive inlegers. Subsets of 2/, where fe N, />0, ure
considered as metric subspaces of W with the Ly-norm:

ardinality {ie, the number of

i

el := 37 |t . for any e W
oy

DertNITIoN. A (strict) preference on A {Lhe set of social allernatives) is
a relation £ on 4 sutisfying

(1) compieteness: for ull @, ffe A, either al’fl or Pie;
(2)  antisymmetry: o, fie A, alfl and fPa imply o = f1;
(3} transitivity: for all &, fj, ved, alfl and fry imply apy.

For each preference P on A, 1(P) denoles the oulcomi (or social alter-
nalive} most preferred by P: o= UPY il alf for all e d: 2(P)is called! the
“top” of P, or the bliss point of P, Cleatly, t() is well defined for every
strict preference P, )

bl

-DERINFTION. - For integers a<h [ab] will denote the integer intervht
{a, a+1,.., h). Ao Fdinensional box Bis a cartesian product of / integer

intervals: B:Xjn, B;, where B, = La,, 0] and a,<hy A subbox of B is
any box A contained in .

DupINcFION, A stricl preference? on o box 8 s muliidimensional singfe-

(Ph=eo, and Py For all i\ y& B satisfying
o=yl = B — Sl + 11— |

Note that any multidimensional
Idimensional box £ §s identified by th
lower dimension subbox is

single-peaked preference on  Lhe
¢ property thal its restriction lo any
also n single-penked preference. Furthermore,
the bliss point of the restriction corresponds to the projection of the bliss
point to the subbox. For example, lel P be a single-peaked preference on
& and consider the subbox A = {x} x B, x ... x I, where x e B,. Suppose
& is P's bliss point. Then the restriction of P to A is single-peaked and
has bliss point (¥, ay, ..., ;). Similarly, if <8 is an arbitrary subbox
of B, then the restriction of P 1o B has bliss poinl a', where

2Qur resuls oan be extended to include non

peakedness is redufined as follows: P is single-peaked if there exists a such that for ab

un o is unigue,
The notation however would become cumbersome,

-striet preferences, provided that single.
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' = argming p lo— (II[ These are easy 1o prove bul 1mpurlunl f.ml*. which

will be used below. In parl:cuf.nr they are the basis for Corollary , and

they support the temarks in Section 3 regarding social welfare functions.
Quasi- concawly and sepdrdblhly are other reslrictions that have been

\imposed on preferences. Note thal our definition of - single- peaked

prcfcrcnce ‘does” not rcqmrc additive separability (or even' the wenker '

-notion of sepurability- used in Border und Jordan [11) Far cxumph. Jet

a=11, 5), f=(L0) ye= (1, 10), E=1(2,0), and 5= (2, I()} Thore exists a

) single- -peaked preference P with bliss poinf o such that fPy and -y PE (scc

Lemmn |). However, additive separability (or wcn sepurubilily} requires -
that fPy iff &Py, Also note that multidimensiona -,mg,lc peakedness when '

_ --dp])hLd to N neither implies quasi-concavity nor is imiplied by quasi-
' concavity. However, the sel of separable strictly quasi-concave pml‘ucnccs o
“is @ strict subset of mu!nd|mu1smn.1! single-peaked prefereices.” _

We |dml|fy cach outcome o in w box J# with Lhe pml‘c.rum clags Pla) ol'. e

all single-peaked preferesices on # with bliss point . In our analysis, we

 restrict ‘atlention to. the collection P;=1J, ., Plx] of all single-peaked
preft,renccs on'the box B. Obviously th collection I depcudt. oir the box -
"B, but it will always be clear [rom the context which box #1 is referred by

P. Throughout this paper, B always denotes an I-dimension:dl box.ind P
denotes its corrtspondmg collection of single-peaked prcfcrcmes Elements

" of the box are called the alternatives or outcomcs. A profile s a preference

s-taple, A saciaf chmu, lanction is a rule 1h il .mu_,nk unouteome Lo each
prcfuulu, pml:lu \ :

DEFIN!-TION A socml c!wlcc: funcllon (scl'} is a nmp rp P" - B
We now lurn to slmlegy proofness, 1 nwin rcqulrcmcnl llmi ong

wants 10 impese ‘on social choice functions. A social: choice function is -
strategy-proofl if it is’ always oplimul for al) voters to reveul their own

" preferences, rather than- mdmpuldhng ‘the social outco:m by stmlcgmlly

nnéreprescnllng lhcm ut some proﬁles

DrrlNiTlON tp Pt 44 B is @ strdlcgy proof (qp)scf(sp:,d) lf for all P
],,El (Pl, sy J,,) P,rp(P,, wn Pl s Pyl .

'I\n.y: Tun_clion.'f: 'B" - B fcprcscnls— a {unique) jsnc_izﬂ chaice 'I'u_nc‘lio'n. :
PPt B wilh sel bf playets N = {1,.., n}, defined os follows:

(NM.HLJ»Im,m a™ . Tor all wﬁpmﬁmMJeM'

) Provsdcd we e\lcml the notion or ] slm,lc pt..ﬂ\ul pn.l'uc:mc 1o ‘Jt" 50 tht we can 5|)L¢|k
oF quasi- concavny o
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Clearly, a general selp! P} does not always admit sueh a represents -
tion because it is possible, for example, that for some /e and prefile
{(Prsoy P e P with Pyand Pyin the same preference elass P(a),

(p(!'|| wrry Pn)# t{J(PJ], ey Pu)'

Consider the foliowing exumple: B=1{0,1}%, »#=1 gnd el g
corresponds 1o majority rule between (0,0) and (1, 1), Suppose t(P,) =
(6, 0), t{Py)= (1, 1), and (0, 1P D) P(0,0) (1 0) while (O, 1) PY{0,0)
Py(L 1) PY(L, 0). Clearty (P =1{P)) = (O, Ly and (P, P, Pa={l, 1)
(0, 0)= (1, Py, P,). However, this is not possible if ¢ iy strategy-proof
and ils range is o subbox of B {sce Theorem 1 and iy Corollary below),

DEFINETION. A sef ¢ 10 -+ s 0 roting seheme? if there exists a funeljon
SU B B that represents it Tha is,

PPy ) = S Pkt for all (P, ... Pebn

rresponding voting
scheme @: P = B is done Toulinely, We say, for example, that / is a sp
voling scheme if ¢ iy sp. '

Hereafter, for any profile d=(a', .., a") e B", 4
denoles the profile of (he S coordinates, Th
to players, whife subindices refer 10 coordin
lemma will facilitate much of the subseq
straightforward and is omitted

=), ) e
us, superindices ahways refer
ates, The following technicul

uent anaysis. The proof is

Lemma L (1) Ler P, Pe Pla) and A be a subbox of B, Then P, p
have the same mosy preferred elemont in A, The restriction of P to any sub-
box A is also single-poaked, Moreotor, fi is P's most preferved element in A
i and only if Yla—vy|| = fla — f1)) + W —=vk for aft yed. (2) If Jla—y| <
lloe— B+ 1 — yll. there exists Pe Pla) such that yrp.

Lemma I provides n number of imporlant properties of single-peaked
preferences which we utilize in subsequent arguments,

When we study surjective sef's, Theorem | below shows that it is non-

restriclive Lo confine aliention (o voling schemes only, The first main result

in Moulin [7] characterizes Pareto efficient voling sehemes on (he domain
of single-peaked preferences

over a one-dimensional set of alternatives,
Clearly, efficicncy implies surjectivity. Therefore, Theoarem | shows that

Moulin'’s charscterization result is more general and upplics to ol eflicient

1 Gibbard 3] eulls

any social chuice Tunclion a voling scheme. We restricl the use of (he
latlter to refer v a soci

al choice function which only depénds on the preferences’ bliss peints,
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spsef’s.” A similar resull fs proved by Border and Jordan [3] and Barberd,
Sonnenschein, and Zhou (2] for slightly different domain restriclions,
Tueonem 1. Let B be an I-dimensional hox. if the scf @ P" 2 B is sp and
onto, then ¢ is a voting scheme, : - '
Proof. See Appéndix,
Exploiting the properties of single-peaked: proferenges lurther, a élroug_er
version of Theorem | can be attained, relaxing the conditions

on 1hé range

t

CoroLLARY 1. Let' B be an Idimenstonal box. If .the range of the

“spsef @ P — B is o subbax of B, then ¢ s a voting schenre,

CProof Let A= (P, By assumption, 4 is n subbox, It follows
immediately from part 1 of Lemma | that the resiriction to A of any single-
peaked preference on B is single-peaked. Since ¢ is sp, if the festriclions of
P, PeP lo A coincide, then o(p, P d=lP\ o) Tor wll P_ et
Thus, » can be viewed as an onlo spscl form' the set of single-peaked
preferences over A into 4. Theorem 1 then implies the désired conclusion,

o ' , o ' QLD

* Throughout . this paper: we often invoke the close relationship between
the L -norim, single-peaked preferences, and s voling schemes. Lemma 2 i
strmightforward piven the defintition of joinl multidimensional single-

peakedness and purt 2 of Lemma U above,

LEMMA 2. fi "5 B B sp Jor all aeB”, fieB, and ic N,
e =SB o™ ")) = ' — @M+ f(&) = (B o Mo o
Theorem 2 below states that the jth coordinate of the outcomic of 4 sp
voling scheme depends only on the jth coordinate of the bliss points of (he
‘profile’s ph:l‘crcnccs. Hence, a full churuclé:rizal,ion_' of sp voling schemes can _
be obtained by the churacterization of one-dimensional sp voling schemes, -
This separability result constitutes the second step loward our characteriza-
tion resull, ' B '

© THROREM 2 (Separability). Ler B=X!_\ B, Then [ "B i s iff

Jor each je Li={1, ... 1} there exist S BY =B, suck that -
(Y J@y=fa)  forall ‘3= (o, ...u")e B nd
2) f,_i.\' . . ' '
f.ltowc\-cr. in intil;l multidimensionsl singlu-pvui\ul l‘l‘lll:li;lﬁ. liu:hru are o i’:ti‘cin elficient

and steategy-proot mechinisns other than the dickatorial. This ubservation jy wlsy made by
_order and Jordan (3] and Darberd, Sunnenschein, und Zhow 127 in refated contexts.
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Proof. We only prove necessily; sufliciency s tasy (o verify, First nole
that (1) js equivalent to :

J@, =1, whenever &=,

{1
Clearty (1) implies {1") below

Sy =1y o for il Whenever o, =y,

To see that (1) implics (1) and hence Is equivalent 10 (1), Tor any & and

satislying c?,:ff,, construct §0), §(1), ..., fn} as Tollows, Set FO) =& and

sequentially replnce (he preferences in & with those of ff, one-hy-one, so

that y(n) = . Applying (1") at each step yields f()”l{k)),-:j'()"{k + 1)), for alt
=0, 4 ., n-1, and hence f{&) =j'(ﬂ),.

To prove Ut strategy-prooinesy implies (1), Jer « = fla, 7'} and
P =10y " Assume by contradiction thay = fl; and «; #fi;. First, con-
sidet the case i which I =+ I —a’| > I —a'y. Then, by part 2 of
Lemma |, there existg PeP(fl) such thay «'Pf', which contradics S being
Sp- I NB =P i = = 07 --e'tl, then 18- 1] el =18 ty].
Sinece = f, lot — 117 + ]ﬂ;-a;l=[a,»-a}l, This implies (hnt_fozj_ajl-f—
]ozj—~/3’_,’i=]a)~—ﬂ,’!-f- U!_;erjl+Ia}-—/]}[>[aj—ﬂ;i since a; #f, But thed
ot — o)) 4 N’ ~ i) > oo — 1), and a symmelric argument (o (he one made

for the case iB—=pn+ I —a| > 17 o' above yields a contradiction o
the strategy-proommess,

To show, for example, that f, is Sp, let §e 5" and o #e B be such that
for all k#; and J#, v =o,=fl, As belore, Jo| o« = fla, y=!) and
B =107 Since f s sp, Hor-—cr‘ﬂ+[Ia’——/f’ﬂ==l|a—ﬂ’|l, and thus
bty — ] -1 ley — ) = {eey — /], whicly establishes (hat S1is'sp by Lemma 2.

o . QED.
and sp voling schemes can be
oting schemes, it will suflice to
ition Is an extension of median yoler
wniliar class of sefs on the domain of
' one-dimensional hoy B={ub]. Let
umber, 1t is casy to see that associaled wilh
median value @) e B This median value
equivalent ways: '
() pa) F=argming 31l v,

(2) 4d@) = such thal # {ita'<f} <k and #{ o> gl
(3) (&) mminfy | g syl zk4 ).

(")

Sinee spyef’y must -be voting schemes,
decomposed inw / one-dimensiona) sp oy
characterize the lutter, Qur represen
schemies; we now reexamine (his [
single-peaked preferences® gye
n=2k 41 be any positive odd n
every e B there is g unique
can be defined in (hree

*An cnrlj' study of singlc-pc'ukml preferences and group decision making can be found In
Black [3a]. .

v
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The equivalenceof the three definitions and the Tact that the medinn is well
defined for any de B, whenever u is odd, is well known and simple to
verify. It is-easy 1o see thal the median jiz B 8, viewed as a voling
scheme, is sp. For our purposes, the most uselul definition of the median
is (3) above. Note that nccording with his definition, the medinn s the

' _smal[est value x for which the number of bliss points al or to the lelt of this

value is no less than k + 1. Looxcly speaking, the median voter seheme
highlights the followmg feature of any sp voling scheme: every agent f
whose bliss point «' is to the left of x “pulls” the oulcome away from x 4- 1,

and toward his own bliss poinl. Starting with x=}, note (hat the size of

the coalition exerting force to pull v tw.the left diminishes us x decreascs.
As we move ¥ 1o the ILI’i Lvuuuully we [ind - vafue of & such that the
numbcr of bliss points ' < x is at Jeast & + 1, but the number of bliss points
a' < x—1 s less than & -+ 1. This x is the median.” .

Lemma 3 - states. that ~this _characteri ization - of " the median is . the

Appruprmlt. one 1o dcecnbc y.mrdl sp votmg schemes, ‘The lemmn

genieralizes the medinn voter scheimie deseribed .lbow. in two ways: first, it

-atlows lor the possibilily thal the qd ts not anynomous, in the sense that

different agents need 1ot have the samec influcnee over Lhe oulcomes
(hence, in terms of the above’ description, different .sgcms‘may__ ‘exerl”
different levels of foree in pulling the outcome Lo the lefl); second, different
alternatives may receive a differential treatment=-neutrality may fail. Thal

is, the amount of force needed lo pull the putcome below x may be dillerent

than the amount required to pull it below y. Lemma 3 establishes that
modulo these two modifications, a ‘voling scheme is sp iff il is a

(zeneralized) median votcr scheme. A few dernlttons are needcd to mdke :
these changcs prec150 :

Devrmion.  Lel B s [u h] be ¢ 1dm“dimu\sion.ll box und ¥ = {1, s 1,
A left-coalition sysiemi on I is & correspondence 4 0N (ie, €() is &
collccuon of cmhllons I'or each ¢ g B} *;dlnfymg the following cundal:ons

(1y if CE L(-f) and Ct:D thcn I)E(i({), .
2) ify>éEand C EL(f) then Csl.(r;) =1r1d'
() Ghy=2"

&_/'.

Cisa (ieft) nmnmg com’mmr e { iCce L{{) ’Ihclc is a unique righi-

coafition system €; 1 = 2V wssociated with- cdch Icft coaht:ou G f -2

' CEL(& il Cr=MCe(e). -

'Thu pamcu'lnr dcsmplmn of lhc mtdldﬂ could Jus'l as well liwe been stated in lerms or )
the bliss points being 1u the right of x, Iudced one could present an gliernative deﬁmlmn {1}

bnscd on the cntdinahly ol the el { 1 o 2 w} ) R
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Lelt-coalition' systems can be used o induce voting schemes ina natural
way. For each de i und £e B, let (& hi={ie N a' <&} be the coali-
tion to the left of &,

DeriniTioN. Let B=1a,h] be an integer interval and € be feft-
coalition system on 8. The voting scheme S8 = B, defined s lollows:

Na)=min{{] Cl& ¢ e €(¢)), *)

is called the generatized median voter scheme (GMVS)induced by €. When
B=X)., B8, is un [dimensional box, the voting scheme f2 - B is a
GMVYS il = (), ) and euch Ay s the GMVS induced by some
left-coalition system &, jn 4,

Observe that by (*) wwo dilferent Ielt coalition sysiems always define
different voting schemes. Hence, any GMVYS f induces o unique family of
coalition systems |li_,}.'},_, (ie, fis the GMVS delined by €,)

Comparing {*) to the third definition of the median, we conclude thut
J@) = @) il and only if / is induced by 4, where Cla)={CaN|
#C2k+ ) forall o This is our motivation for ealling « sef defined by [*}
a GMVS: a winning coalition of players {ie, Cet(2)) can puaranlee an
outcome no greater thun a whenever (heir bliss points are no presder than’
a, irrespective of the preferences of the remaining agents. Morcover, thg
oulcorme is the lowest integer ¢ such that there cxists some winning
coalition of volers who prefer nn outcomne ¢ or ess,

Leinma 3 below establishes that every sp voting scheme is @ GM VS,

Lemma 3. Let B=C(a,h] he an imeger imervad. A voting scheme
S B = Bois sirategy-proof i it iy a GM VS,

Proof. Let € be u lelt-coalition system in B and f2 8 - § be defined by
(*). Pick any ieN, a 'eB" ', and f, ye B Lel Eo=fUha ) and
Hi=Jya’). Suppose y < fl. Then C((y, ') 8)> Cl(fl,a '), 8) for all
de B, and Clly, « "% 8) = CU{f, a~): 8) for all §e M. M. Therefore, il
E2f =8 und il &< fl, y<& 1o cither case, |ff ~ ¥+ {—nl=10—nl.
Now assume y2 fi. Then C{{y, ™'k 8) = C((f, o "):8) Tor all Se B, and
Cl{y, a™); )= C((f, a ") 8) for ull e B[R, y). Therelore, i < oy=¢
and if E2fl, n=d Apain, |-+ ¢ - nl=1f—yl. By Lemma 2, this
shows that [ is sp.

To estublish the converse, asswine £ is sp and for cach e B deline

€)= {CaN| f(3)< & for some e B with o' < EforfeC

and of > & for i¢ C).

o]

i
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We prove that this family is a left-coulition systemn. Let fe B, Cel(¢), and
Ae " be such that N<¢ for all fe C. We first show that fif<e ny
contradiction, suppose f{ff}>¢ Let @¢ 4 be such that a' & for jeN,
a'>¢for i¢ N, and f{d) < 6. To simplily the notation, w.o.lg assume that
C={1,... k}. Starting with profile 3, sequentiolly change fI" Lo o for each
i<k Il at some point the outcome switches 10 an alterintive less than or
equal to £, we would have o contradiction. Indeed, il for some m <k,

)' ::f‘(ul L ] a"" [‘," 4 I) Al ) f"] > é

and
3 :=f(&f, voer G t I' ﬁm 1 }‘ . ﬂ") < 'f-

then there exists Pe P(B"* ') with 8Py (recalt that " *' <€), But a player
m+ 1 with such a preference would prefer 1o vote like n player with o
preference in P{a™'') when i oppbncnl‘s profile is (a', ., 0™,
2 LB, and f would not be sp. Therefore,

Slat ek e ) s

Starting with profile (o', .., af, f*+1) . "), sequentintly switch f' Lo«
for each i > k. Since f1&) < ¢, cventually the outcome will swilch {o o point
less than or equal 1o £ Hence, for some me 2 k;

yo=Slals a L >

. and

8= flos w™ B L <

M

Since 2 > ¢, there exists e Pla” ') such that 3268, A player pi-- | with
such u preference would prefer- to vole like a player with a preference jn
P+ 1) when his opponent’s profile is (o', . o™, #**2 . 1"}, This con-
tradicts the Tact that f is sp, .

Suppose ¢e B, fle 8" and C(fT: &) ¢ €(E). We now show that f{f)> & 1T
G(EY = (4, then f(fl)> ¢ Otherwise, let Ce E(£) be a minimal coalition
containing C(fF; &), and let de 8" with SIEYSE, o' <& Tor all ieC and
' > ¢ for all i¢ C. Again, assume wlog that Ce= {1, .., k). Starting with
profile fl, sequentially switch Bt of for each i k. Since (@) < ¢, lhere
exists m <k such that

Juoa s and e ™ B )L

This contradicts the fuct that f is sp. Therefore f(F) <& ilf CUJ; &) e 6(&),
Q.ED.
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I is easy lo verily thal the image of a one-dimensional GMVS is a one-
dimensional subbox. Clearly, products of subboxes are subboxes. Hence, il
lollows from Corollary 1, Theorem 2, and Lemma 3 thu a spscl s a
separable voling scheme il and only if its image is a subbox,

Remark.  For [uture reference (sce the proof of Lemma 6) we record (he
following obscrvation. Pick wny fe N, ¢ 'e 4" Loand B, ye s and el

Ci=f1f ") und pi=f(y, a ). In the proof of part (1) we have shown
that il f# <&, then

ip=¢ Tor all y g fl undd g lorall p> i,

while il ff> &, then

=g lornllyz i and n<d forall y < fi,

We summarize the resulls of this section in the following theorem,

Tusorem 3. Suppose the range of the scl @:P" = B iy o subbox of B,
Then, @ s sp (it is o nltidimensional GM VS,

Theorem 3 provides a convenient 1ool to ascertain properties of spsef's,
For example, this parlicular characterization provides relatively sim le
[ p )
proofs of Theorems § and 7 below., ’

3. Social WeLkaRE FuNcTIONS

In this seetion we study the problem of preference apgrepation in
multidimensional single-peaked domains. So far we have concenlrated
exclusively on assigning a {sociul) vutcome (o ench profite of preferences,
In many problems, one would like a rule for choosing a sociul oulcome
among the fensible nlternatives Lefore learning the constraints on the
feasible set, Thus (he object of investigation is 2 set #, n collection P of
preferences on B, and a mapping F: P = P. Such a lunction F will be
called a social welfure function (swf). For each preference profile, F picks
a social ordering, which alter learning the constraints on the feasible sel i
used Lo seleet the social outcome, We address two issues, Given thal (he
agents know the procedure to select 3 final outcome, do they have correel
incentives to truthiully reveal their preferences for every possible feasible
set? Theoremd below shows that in multidimensional single-peaked
domains, il the coilection of feasible sels is the collection of all subboxes of
an ldimensional box, this stronger strategy-proofness requirement entails
no new restriction. That s, if the scl defined by the most preferred outcome |
of F{P) is sp, then, for any subbex A, the sef defined by the most preferred
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outcome of F{P) in A is sp. The second issue involves the relilionship
between the normative considerations that have motivated Arrow’s
General Possibility Theorem [1] and the normalive and stralegic
considerations underlying the Gibbard-Satterthwaite Theorem L[5, 8] This
issue js addressed by Theorem 5. A precise stalement and analysis of
Theorem 5 require o few definitions.

_ For the definitions below, let 8 denote any collection of subsets of some
‘arbilrary set B, and P denote a collection of preferences on 22,

DiFmimon,  F: P" = P osatisfies unanimity il whenever there is x such

that xP;y for all {x, v} eW and ig N, (hen NEPY g for atl |y, y) e .

DernrmioN,  F s dictatorial if there exists 7 such that for all {x;0}ew,
nol vPximplies not yF{ Py, '

DEFINITION. - F* satislies independence of irrelevanl alternatives (HAY il
for {x, r}eW and any two profiles B and /7, (xP, ) <> xP) y for all ie N)
implics (xF(Pyy = xF(I") y). A slightly stronger condition, obtained frem
A by replacing e wilh “=" will be ealled non-negutive response
{NNR). :

Observe that il ¥ includes all two-element subsets of B, then Arrow's
celebrated theorem establishes that if # satisfies unanimity and A then it

" is dictorial. In the current lramework we have modified Arrow's restrictions

Lo allow for.the possibility that the sl of binary comparisons for which the

conditions apply may be a strict subsel of the set of 4ll possible paics. This

is motivated by our desire (o view the swr as a rule for making decisions in
every relevant contingency wnd 1o restrict the feasible sels 1o the collection
of all subboxes. Note that for any single-peaked preference P, it is enough
to know how P compares conliguous pairs (i, pairs such that {x, ¥} is
a subbox) Lo know how P would choose from every subbox A. Hence if the
problem is one of choosing from every subbox, then prelerences over all
conliguous pairs are the relevant binary comparisons.
For the remainder of this scetion we concentrate exclusively on the case
in whiclt B is an /-dimensional box, P is the sel of all multidimensional
single-peaked pieferences, and W is the set of all subboxes of 8. Recall that
A =Xj._‘ A, is a subbox of B, il for each j, A, is an integer subinterval of
By. By Lemma |, two single-peaket! preferences with the same bliss point
have the same most preferred element in every subbox. Since the bliss point
of a single-peaked preference uniquely determines the most preferred
outcome in each subbox, we can write i P -+ B Instead of F:p" L
Lemma 4 below states that il F satisfies 11A then it must be seasitive only
to the Bliss points of the preferences in the profile 7. Therelore, we can view
a swl 77 satislying A as a wap from #” into 8. Such a swl will be culled
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L representative voler scheme, The relutionship between o represendilive
voter schieme / and the corresponding swl is obviously anulogous (o the
relationship between » voling scheme und the correspending scl. Note that
for every Ae® the represeptative voter scheme F defines 4 voling scheme
Jar where £ (&) is defined to be the most preferred outcome of F(&) in A.
Theorem 4 below shows (hat 7 viewed as a voling scheme (i, f3)is sp il
Sais sp Tor all Ae®, That is, it is & dominant strtegy Tor all apents 1o
report truthfully across all possible realizations of oiher agents” preferences
and across all possible relizations of soclety's costraints,

LEMMA 4, Lot F2 P s B B o oS satisfyving 114, Then, F(P y=HP) for
any two profites Pand P syl tha WP =1(F)) for il i,

Since {or a swf F satislying IA, F{P) depends only on {x(P)), .. T(P)),
it will be convenient 1o adept the following notution, For uny .t », wel,
we write xay if xPy for all Pe Pla), -

THEOREM 4. Let Fi 8" < § b o representative porer
viewed ax a roring schome
Ae®), )

Pronf.  Suppose f, is sp lor cach Aem,
&) = fpl&) lor ench e 8, Fis q sp voting sch
is & $p voting scheme. Let de B* and i be arbitrary, W.lo.p. we can assume
that F{(&) is preater than or equal to a' in every dimension. Then
W™ ') — ') = e, £ - Fa) + 17(&) ~ o)l for each ffe A Thus,
Fle™, g is preater than or eyual to F(&) in every dimension, Henee,
Sla™ B the unique  minimizer of I By =51 over xed, is
greater than or equal o f,(d), the unique minimizer of NF(&) - x| over
xed, inevery dimension. Thus, it L By — ol = e B = fA@) +
I£@) —e'll, which by Lemma 2 establishes that f(3) 27, (a LAY, as
desired. Q.ED,

We now turn 1o the issue of reliting Arrow's normatjve conditions on
swl's 1o strategy-proomess. Arrow's General Possibility Theoren estab-
lishes that on unrestricted domains no swl cun respect [1A, choose the
unambiguously most preferred social outcome when one exis(s, und still

sehvane, Then, 1
s sp fy the voting scheme Lyiv sy for cuch sihhox
A "

Then f, &5 sp, and since
eme. Conversely, assume F‘

‘achieve some level of compromise across the members of society, The

intuitive appeal of 1A is clear, Neverlheless, Arcow's Theorem shows that
in unrestricted domuing one can nol insist on A without cenlionling
obviously less altractive cansequences such as the failure of unanimity or
dictatorship, A Sepitrgte argument in Faver of A is the following, Muany
proofs of the Gibbard-Saticrthwaitc Theorem utilize Arrow’s Theorem,
Thus, one might suspect that 11A i related 1o sp. The theorem below eslub-
lishes this refationship. 1t shows that on single-peaked domains, NNIt, a
condition slightly stronger than 1A s equivalent lo sp, provided one
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resmcts the binary comparisons to the sel of contiguous oslcomes. Thus,.
single-peaked preferences provide un interesting example of a domain (hal
-aflfords non-trivial spscf's and non-trivial swi's thal satisfy a version of I1A.
The theorem below shows that these are in fact the same functions.

TugoreM 5. The swf F: B" — B satisfies NNR iff viewed as a scf it is ap.

Proof. Pick jin {1, .. 7} and {e B such that & < b, Let y, = £, for alf
A#[. and = ¢ det. € () as follows: De (&) UF EF@)y when
ol =& for ull ieD and ol =y fur all i D. By NNR, (l) if Ceg, (&) and
Ca D, then DeC, AE). By A {which is |mp|ied by NNR), for any @,

{i| Ea ne@, () |IT EFE)n. By qm;,lt. pwkcdncss this implics that

[riéat:}eﬁ,(f) im ray<¢&,. (*)

- N follows from (*) that (2) il g, <&, and Ce &,(y), then Ce6,(&). Henc,

the collection €,(&) depcnds only on {;and not an olher componems of &
Thcrcl‘orc. we denote it by €,(¢,) herealter, Define (3) € (!'),}—2"' By (1),
{2), and (3), L, is u left coalition system j=1, ../, By (*) ig induced by

' {(Ej},=,. Hence Fis a GMYVS dnd by Thcurun4 £ mlt.rpluul as u scl
s sp.

To prove the convcrse, nole !hal if l" is sp, then {¢, n)EB {ie., & and g
are conligaous) implies- Sitm 18 5p (T heorem 5). "Therefore, {7 ¢ =
{F1¢pY and fi, (@) =-¢ implies that 7, (f) = - ¢ Moreover,

N ",[a) = i EFE. Thercfore  satisfies NNR, _ Q.LD.

In the next section we exploil this dunl interprelation of functions lrom
B to B as swl's and sel's (o analyze commitiees wid !hc decentealization of
lhe dELl.‘,lOII making process,

4, COMMITTEES AND SivirLt Clioics RuLss

In this seclion we' explore the consequences ol interpreling voling
schemes as swi's for disaggregating the sociul decision process. [n par-
ticular, we have in mind the folfowing decision process. A given subset of
lhe agenis will form a committee and delermine a representative as the oul-
-come of their commiltee. Another (possibly overtapping) commillee will
form ils own representative. The two representatives will perhaps join
third committee to determine a social ordering and/or social outcome. We
arg inlerested in the following questions, IF the rules to construct repre-

sentatives and lo nggregate their preferences are sp, is the overall decision-

process sp? To what extent can we characterize the overnll decision rules

by studying the decision rules within the committees? We have already -

noted the possibility of interpreting un element o€ 17 i two different ways:
Hy e oset of preferences nnd s an outconmie, Clearly, Jor elements in the
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domaio {of both scl's and swl’s), (he first interpret
terms of the range, the first is appropriate for swi's
We no longer remark on the various interpretations and simply call func-
tions from B 10.8 voling schemes, We leave it 1o the reader to note which
interpretation is adequate in the given context.

To formalize our notion of voling in commiltces
representative, we need the following definitions.

ation is appropriate; in
and the second for scf's.

and  commitlee

Drvivrmion. The function d: Uy, (Z)% V' = 2/ defined by

Ma' 0™ ) = (el o), i) 1),

is called . the ndridimensional  median vale finiction,  That s,

Mia' ., e® 'Yy s the coordinate-wise median valve of the veclors

o, @ e 20 1T 1 is odd, M, denotes the restriction of M to (Z/)" (1,
Is the n-players median value function ). '

1 Tollows fromy Theorem 2 and the fact that one-dimensiona) mediang are
sp that M, interpreted as voling scheme over the set of ] single-penked
prelerences on 8, is $p.* Our notion of single-penked preferences has
claim 1o being the appropriate generafization of Moulin’s te multjdimen.’
sional arrays of vutcomes, provided one wants to preserve the clgse
refationship belween spsel®s and voling schemes. Qur sel of single-peaked
preferences is the largest colfeetion of strict preferences for which lhe voling
scheme M, (t(P)), ., t{ 1)) is sp forany n> 1 (provided for all ae B there
exists some £ in the collection such that t{P)=u). This is cstablished .
Theorem 6 below,

THEOREM 6. Let ¥ he any collection of preferences such that M, P - B
is strategy-proof for 1 =2k + 1, k > 0. Suppose 1(P)w= B (ie., for every ae B
there exists PeV sueh that t(PY=a). Then, every PeP must by o single-
peaked preferenve, :

Progf.  Assume to the contrary that Pe P is not single-peaked, and lel
t(Py=o Then, there exisis fl, ye B such that g - AN —all = o —y)
and nol fiPy. Consider uny profile in which there ure & individuals who
prefer f the most, & individuals who prefer y the most, and one person with
prelerence P. The sucial outcome for (his prolile would be fi. 11 P were 1o
misrepresent his preference and claim that his most preferred outeome is y,
then the social outcome would have been ¥, which contradicts the stretegy-
proofness of M. Q.ED,

¥ Bssenlinfly the sume observntion is made by Border sind Jordun [

romd
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~ Theorem 7 below, cstablishes that- every sp voling scheise / can be
represenied by n terary tree of the fotlowing kind: there is an injtil node
which Teads to three subsequent nodes. Lach subsequent node efthér is a
tertinal node or leads to three subaequml fodes; aid 50 on. Every lcr~_ ‘
minal nodc is lnbeled by cither a conslant outcome or'the bliss point. o’ of
an agenl’s prcfcrcncc “To construct the social vuleome, we ”solvu the tree

mediair of the labels and lubel the node with this outcome. Repeat the pro-_ -
cess witi) the initial node is fabeled. The label. assipned to the initial node”
corrc-.ponds to the sociul outcorme f(&). Conlrisl llns resull for vou:u,
- schetmes over domains of single-peaked preferences with that for scl's over
" unrestricted domains. For the latter, only constunl and dictatoria] rules nre
s {by the Gibburd-Sitierthwaite Theorem), For Lhe former, ong needs to
include the median voter scheme, and hence all combinations that can be
obtained with it ind the constant and diclatorial rules. The resull is ulso
.jlnlerestmg in_that it shows how any spsef can be rcconslruclcd with-an
appropriale set up of commillees and thic use 0[ tye muhun voter scheie,
~In the foliowing scheme ‘;equcnnc of dcl‘nllmm and Icmnms !u B bean
- !d:mumun.ii hm '

]

S e

! A
§

P "D’rr'lNlTrt)N Thc scls of all »- playurs vollns_, ‘u.hcmcs tind sp- volm},.r '
schemes on-B are §F = {f ]/ B> B} and {Xi=[feFr| S is spj,
,_respeclwely “The sets of all voling schcmcs and .11I sp voling SLhcmLS on B

)

'

-
o

._
b P

. . are ”? =Uuas ! rand o=, WY rcspu,hvc[y

i ?{,‘ _ ln analyzmb the commmw decision process we consxdt,r lhrcc dlffc[’t.ﬂl _
{ } - o mmplc choice Tunctions: dml.liorthps comtunls “iind mcdmn votér
v 48 ' schemes We have already defined mediun voler sc,hemes and noled lhiey
[

are sp, llmt dlcldlonldl uud constant social function are <;p is ubwom

_ 'DI‘I‘INITH}N‘ I"or each #23 we Imvc lht. followmk, ';pu:lui SLr on 8%
_ ' (l} I'or cucll IEN r (a] -0t l'or alt ae! s pluycr i dllell)t‘hl] '
xule._ ; : K : -

(2) Tor Nhh te B, &y (a) w & for .1!] ae i :':-:- .lhc lf-.C_‘lnsti_l'nt [':LIIC.

' l)m-mrmm lu e M and - fAc ’9,.. =1, Chl Tli_e':_'cn}a_nhr;}u_':rfun
R A I - LY is the:sef on B dLlll]Ld by R : o '

fﬂ' (f"_'"‘!j_‘Fl)[a]:zfli(fl(a) "'. jm(‘-x).). V [()l' ("l‘"h ad(a o ,C(”)EB" .
| DrnNn’mN Let '§c'§" and for edch nzl dane e —‘S"n"ﬁf,, 11}0 :

span (%> of § is the smullest collection of scl' L!O"C(E under Lombumllons
' lhnl conhum i'? Rc(urswdy define’ .

B

~+ buckward.” At any node thut leuds to three labeled nodes, we, compule the:
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KN = {fo# () o /)] Tor some 2 and o, fye &, and
Le®u k=) m},

.. ;
and for k= 1, KAH @y = &0 [ U &) ,

J=0
whete K'(i¥) = &, Finally, let K% :=Ur, KA.

The following technical result sintes that (he span of any collection of
voling schemes ean be obtained recursively,

LEMMA 5. K(F)= (FD for ulf Fo{r

Proof. Let §e §F* Clearly K(¥) < (% >- Thus we need only show (hat
K(F) > (&, or equivalently, that K{%) is closed under combinations. Buy
if for some i and m, f & CODmand e (. k=1,...on then there exisls
{ such thut f, e U}“o KI(®) for all k=0, 1, w1 Therefore

Sor Ui fo) K [ U K-*(m] KR KE). QLD

faly

. '
The following lemma demonsirates the importance of the combinalion

operalion. [{ shows thal combinations of sp voling schemes are sp, . #

LEMMA 6, K'{ﬁ)rciﬁ** and:K(ﬁ)c F** for all § < {re

Proof. We first show the following result: let fe ¥+, a“e.B", fred,
and fe N, be such that fla’ | = lloe! — Bl + Bf# ~ 3}l Then, if ¢ =14 !
and 1 = f{5, 2", we have Mo =l ==l — & + 1€ — s} Recall 1he remark

following Theorem 3; for each j=1, .. I, we obtain the following cases:

il af,gﬁ_,é;', then [0 €, < f1,, then ;= ¢poand i, 20 then oy, 2 8,0

if aj= 3y, then [ir Cr> My thenap, = ¢, and i1 &, < 1, then < g

. In all cases, jo' —y | = leh — & | + IE — 1,15 this proves the equality above,
i Y s p |

Let §§ < §**, und for some n and m, let Joet,ond fre®,, k=1, .. m
Pick any ie ¥:= {1, .., nhoafeB” ' oand f, ye . Lel
C=fdboa 'y = flna) k=1 m,
=S e ad g = "),

To conclude, we need (o show that I3 =" =g — &0 4+ %~ 4°). Lt

e
8% =" und 8% 1= fUEY, L ER L L ), ko= by (note that 87 = &9),

Since each f, is sp, I~ | = |f ~ £4) + Fe* ~u*l, and from the resuil

AR
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'abmge, we  gel  that |Iﬂ—:5"|——||/)’—o“ "+ II(S“' | o*u for . cuch
k=0, 1 omi =~ 1 Adding these equalities we ohl.nn:

oo

10— =ip-51+ % na*“ 6*u UM

k=0

Recall that 6% :=x" and §*=¢° and nofe that

- il 5 Ilé""—é*ll and 1w~u"'llsllﬂ~é"ll+Ilé"—v:”ll:_

k=0

lhcsc two Incqu.!llllcs logc!hur wilh (“), lmpiy l!ml -

- m-l

1|§‘_'—n_a"1l= ¥ st - al and - ::"H“iﬁ-élllilé" n"u‘

© ke

Nole that Tor any s and k <n, stacking lhc k d1clx\lorm! rules I,',, oy T4

and conslructing the combination fy+ (1), .., I¥) resulls in the 'lggregdle

rufe Jo Tor the committee {1, ... &} Thus, the mnu.pl of n dictatorial rule.
s an integral part of vur notion of o commitiee, A voler wlllnn the com-
mitlee cani be un agent (represented by the rale 1* W) ‘constant, or the -
~ outcome of some other committee. Theorem 7 LSl.lbh‘uheS that every sp
. voting scheme can be represented by 8 commilive $iructuré in which every

commitlee has exactly three members and aggregales the preferences of its
members according to the median voter scheme, 1t § i3 worth noting that our

. notion of a commillee does not allow for segarale committees for each
_dimension, Hence; Thcorcm 7 coninot be proved by conmderm;, the one-
© dimensional case and wpe.llmg io l"hcorcml as we dsd m proving

Theorem . | |
DEFI’NIT[ON Let "j ={U.ss f?..]» where |
fﬁ‘ {l']:—-l23}U[{*|CeB U{M}
N -fﬁ‘n»—”,.}’—h--- } {5 15613 >4, |
'i“umméﬁ 1, ,(ﬁ)=ﬁ-_‘*.. o L
Proof. See Ap"pqudix.
5. CoNCLUSION .:'

Having established wll our results and stated the related deflinitions, we
- now are in a position to compare them {o those provided by Moulin 7]
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and Dorder and Jordan [33. As noled earlier, Moulin [77] provides an
exiensive analysis of single-peaked preferences in the one-dimensional case
(ie, when #=91). His churacterization of anonymous strategy-proof
voling schemes can be expressed us follows: if SN =9 s an anonymous
sp voling scheme, then there exisls fle R+ such that

S@) =&, ) torall e

His general charucterization of sp voling schemes stutes that if £2 90 - 9y
is p, then for each coulition Ce N, there exists a-eNu{—co, +a)

such
that

J@y=inl{sup{x| x=u, or v=a for some ie CH Ce N,
Moulin also makes the following observations:

(1Y infs and sups can be expressed as combinations ol constants and
medians, and medians can be expressed us combinations of infs, sups, and
dictatorial voting schemes.

(2) Combinations of sp voling schemes are s,

{3) Combinslions can be interpreted us commilree representation
and viewed s n decentralization of the decision-making process.

. . N . .
Thus, his churacterization of the non-anonymous voling schemes combined
with (3) results in a conchusion similar to our Theorem 1. Qur work s
complementary to his in the following ways:

(n})  We show that his restriction to voling schemes is withoul loss of

generality, provided the range of the sef is a subbox {i.e., an inlerval in the
one-dimensionu! cuse).

{b)  We cxlend bis results (o the multidimensional case.

{c)  We provide an allernative characterization of sp voting schemes
(i.e., GMVS) which includes the work of Barberd, Sonnenschein, and Zhou

[2] and the Farguharson [4] and Kramer {61 characterizations of a
voling rule as special cases.

(d) Nole that our separability properly (Theorem 2) does nol
depend on the set of alternutives being discrete and Ut conthinations of
mediuns are GMVSs, Hence, Moulin's observalion (1) implies that our
characterization of sp voling schemes in terms of GM VSs can be extended
to include the case in which B= 9", or # is any box in 9,

(e) Minor modifications of the proof of Theorem 7 (ie., commitice
representittion) und the nbservalion that sp voling schemes are GMVSs,

will also lead 1o an extension of Theorem 7 that includes the case in which
B=N"or s a subbox of N,
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Border and Jordan [3] also extend Moulin’s work to W Their main
theorem -for the multidimensional case states the following result, I
S0t s a surjective sef, where 2 denotes the set of all separable
preferences on N, then [ is sp if it is separable in cuch coordinate. A
lemma used (o prove this resull provides a result similar (0 our Theorem |,
In addition, they show that for the mullidimensional case, elliciency und
stralegy-proofness imply the sel must be diclatorial, and thal even smal]
departures from the separable case may lead lo dictatorial scl's. Our work
complements theirs in al least two ways:

(n) The set of all separable prefercnces is strictly smaller than the sel
of (muliidimensional} single-peaked preferences. Tn fucl, we show thut our
nolion of single-penked preferences is the approprinle gencralization of
Moulin's for multidimensional sets of alternalives, in that such preferences
constitule the largest class which extends Moulin's results {i.e., the larpest
class for which alt GMVSs are sp).

(b) We are able to weaken the surjectivity requirement of Theorem |.

Finally, we consider swl's on single-peaked domuing and relnte these
swi's to the spsel's considered carlier, Iy purticulur, we show thal swi's
viewed us contingent choices are strategy-prool il and only il the
unrestricled choice {ie., the bliss point) implied by Lhe swl is sp. Moreover,
we show thiat the non-negative response property of Lhe swl is equivalent
to stralegy-proofness and cstablish the relationship between Arrow's
normative conditions and stealegy-proofmess in a frumework that does nol
rule oul non-trivial scf's and swi’s,

APPENDIX
Proof of Theoren: |

Derimion,  For any subsel A < B8, let (A} be the minimal subbox of
B that contains it ‘ '

LiMaa b For every profile PPy, P olPre Bl Py i=
‘I"'I”})‘ ‘-

Proof. Dy contradiction, assume not. Let P be a profile for which
@(Py=1a¢ X:=B{lt(P)1i=1, ., }) Let o* be the point in X closest Lo a.
Note thal a* P for each f=1,..,n Pick any P witl bliss poinl a* and
such that IPy for all fie ¥ and p¢ ¥, where Y= B{{x, a*}). Sequentially
replace each P, by P. Since ¢ is sp, o(F, P | }e ¥, olherwise player | with
preference P would report Py, In fact, (P, P ) =a, olherwise player |
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with preference Py would prefer to report P when his opponent's profile is
>y Repeating this urgument for cach player, we obtuin (P, ..., F)=a,
But this is u contradiction: ¢ would violale unanimity, QLiD.

To prove the theorem, by contradiction suppose F'* is a profile for which
there exisls f aml P} such that t“’j' V== T(PF), ati=g(Pr)#
o(PY,, Pl )=ta*. For the rest of this proof, j always refers to this voler,
In addmon suppose P* was chosen so that the box X* .wﬁ(h(P*)l
f=1, ., n}), is minimal, in the sense that Tor no profile B, with B({c()|
t=1,..,n}) strictly contained In X*, one cun switch the preference
of a player k& 1o a prelerence Py oin such u way thal o P =t(F,)
and (p(f’];éq:(l’ o P By the previous  lemma,  we know  thal
Yi= i}({u "heX* As an mtcrmedmc s[cp we sl show thal
Y=X* e, llml the social oulcomes «* and a® must be killy-comers (Le.,
diagonal opposites) of the box X*,

LemMa 1.2, Y=X"

Proof. For every preference P owith o 2)¢ ¥, fet a he the point oy

closest Lo r(#), and denote by a{#) the collection of preferences with bligs

point &, which rank cach outcome in ¥ above every oulcome not in ¥ and
keep the same relative ranking as P over oulcomes in Y. Thalyls,
a(P):=(PePla)|for every f, ye ¥ and 8¢ ¥, fPs, and Py i Py
Suppose by contradiction that there exists ¢ such thal (Pr)¢ Y. Il
oPr)eY, let P=pF and P} —1’,'; otherwise, pick any Pen(r*) and
Bl Eﬂ(f’+) Slncc i is sp, q)[l’* PYea* and o(P*,, P )=o" in either
case. Let i#j be such that t(P*)é )’, and pick any P in n(P"‘ Since ¢ is
s, o((PY L B Py=a* and o((P*, ) . P)=a*, chucnlmlly
replace wuy preference I with 1(P})¢ Y by a preference P in a(P}),
and et P* whcnever (PMe Y. Then ol P, ..f,,]-*oc* and
o(P_,, P} ) =a ", Butl this contradicts the mlmmaluy of the box X*, Hence

lt(P*)r_—‘}’uud }—\* Q.ED,

Consider any two preferences @ and ' such that t{Q)=a* and
t{Q")=a*. Starting with the profile P*, for cach i # , sequentially switch
PrroQila*Pra’, and lo @ otherwise; denote the finul profile by P (so
Fy=Pp}, and for i # j, cither Pr=Q or £,=0Q"). The social oulcomes along
ihe sequence thus gemeraled, and ulong the sequence when player s
preference is replitced by P}, remain constant, For cxample, il j# 1 and
o*Prat, since ¢ is sp und p(P*Yy=a%, we must have o(P*,, Q)=a*.
Also, we must have @({ %, Pr) o, @) #ad, for otherwise o player | with

preference '} would rather rcporl @ when his opponents’ profile is {P*,

P}y, q, eontradicting strategy-proofness. Since @((P*,, P)) |, Q) #a*,

©
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the kitty-corner condition just established and the minimality of the box
X*imply @((PY,, P/ )y, Q)=at. Thus, p(F)=a* and o(P_,, P}}} =

To conclude, st’trtlng with profile 2, sequentially switch every pre[uencc
Fy which is equal to @ to the preference P¥; denote the resulting ol
profile  P. Suppose, for example, that j#! and Py=0Q. Then
e(P_y, PF)#a*, for otherwise a player | with preference P} would prefer
to reporl @ when his 6pponents’ profile is P_ Hencc, '1|ong the sequence
from P 1o P the social outcome is never cquul toa', and thus o(F) #at,
Since #Qa* for all fle ¥, o((P.\, P})_ 1 P} )r=at. Otherwise n pluyer |
with preference @ would preler {o report P, when hls opponent's profila is
(P_, Py Therclore, n!ong the sequence from P to ‘P, when player /'
prcfcrcncc is rcp]accd by P , the social outcome remains constant al o,
and @(P_, P Y=ot By lhc kitty-corner condilion, we musl  have
qJ(P)—-o:* By Lemmu 1.2, &@:=1(P})=1(P" )& B{{a*, a *1)y=X* Since

a*#d (olherwise P would mlsrcprcsenl) Bi{e(PYyi=1,.,n))=
Bildg,at})i Is strictly contained in X* This contr'\d:cls tlle mnumdhly of

X, QLD.
ProrJ of Theurem 7 o '

L!-:MM.A T M, e & for all w2 3 vdd,

Proof.  The proof is by induction. However, lo avoid tedious notation,
we only show how to construcl M, from M, and M, from My, and ask

the reader lo infer the general step, For any four dilferent players i, f, &,
me{1,2,3,4,5}, lel :

fr’;k = M! * “ P;s ‘M) . Emd gf,clun = M\ * (f[.'nn f;’.’unl f.'km)

Clearly, fy e (%), and therefore g, € (f?}
We now show (hat M;=M; (g, gms.fm}, and  therefore

“Mye (§f). Fix a coordinate je {1,2, .., [}. We show that for all ¢ 'B®, the

Jth coordinate of M, (8::14- g,m.fm)(rx) equals the jth coordinute of
M), Let x:=M(a), ={ilaj<x} and C* '—{i|a1> x). Then,
#C g2and #C* €2, Suppose Zrznald@); < x; since g53,{(8), is the median
of f2al@);0 f20a(@); and fi,4(@),, we must have 4 e € and al least one more
element from {1,2,3} must be in C~ But #C <2, so exactly one
element of {1,2,3} must be in €, hind 5 ¢ C7, Therelore, fj3,(8),2 x and
Binad), 28, 50 My* (#1, Bias 1.,‘)(0:),;.\ A symmetric urguiment
establishes that g,355(&), < x implies M % (g5, Zinsi in)(@);2 x. But il
both gpld), = ¥ and gisl@)y = x, then obviously My« (£330, £122s0 fin)
(u) X 50, Myx(gyau, Biaass f1a)l@), 2 X0 Again a symmetric argument
cs(abhshes that gp5al@); > x oF g)yy5(d), > x implies A »- (gmd; Eyns Siny)
(@), <x. SO My [J,’lzm R|135n./m‘l(&);~ X, as desired,
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Similarly, for any six different players i, j, k, m, n, ge{1,, ., 7], let
I . . J
fﬁfmm = ‘,‘/!S ¥ (i PR ] IJ‘J‘)
and
gi}f;nmq = Adi * [.fiﬂnnuql jf:i.('ugi f;jmrw' .r!.;fmmq B ./,:Im.'u[}'

Again, fi,wmu‘-: (ﬁ) and L kg € (ﬁ)n Thus A, » (Zramases Bizaass Sias)e
(). An argument similar o that nbove establishes {hat My (120380
Zinaases fizus) = My, tu particular, for sny f, there are at most three agents
such that their bliss points on the jih coordinale are below Af;(@);. Hence,
il g123056( &) < Mild),, Sransr(@)y 2 Mo(@), and fiyy60&), 2 A15(&),. There-
fore, My (8120500 Rinmsry finaas)(d), 2 Mq(@). As before, symmetric
arguments establish tal My = My s (2133056, 8120450 fioas) € (D). QED.

For any subsets C and D, let CAD 1= [AADJULNC), and if Cand D
are linite, lel

A(C, D)= #(C4AD) {Hausdorfl “meiric™),
For any sp voling scheme Lr8" B, det €F=(G], . €]) denole the
coalition system induced by £ 1 f, g1 8"+ B, lel

b . ¢
3 g)= 3, % A(Ef(E), &l
Jel teuy

Clearly, il £ and g are sp, f= g ill 8/, g) =0

Let fe@r* and ge (§f), be such thal 8(f, g)>0. We conslruct n
sof hedf), such that 8(f, h)<d(f, g). Therefore, i F is the “best
approximation” to f in {f§) according to the metric 5, we must have
8(f, f1=0, and f=Fe (%> For notational convenience we only present
the proof for the case in which # ls a we-dimensional box {ie, {=2).
W.lo.g suppose that €2 €. Let £e B, be the smallest point for which
CIENGHE) # . I G <€) for all neB,, we must have
TN () # P Tor some neB,; we consider this case laler. Let
CaGf(ENE4(¢). The selh i constructed so as (o sitisly the following
conditions:

{i) ©h=@8 (that is, 1y = g,)

() Cim=Ci0m Tor all ye B, with 5 < §;

(i) €& =CiE)u{pe2”| Cen);

(iv) u>& Dg€iy) and C ¢ D imply D ¢G4y},

Condition (i) says that the coalition system induced by / in 8, is the same
as that induced by g, while conditions (ii)~{1v) guarantee that 1he coalition

»,
p it

ey i ren * 7 o
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syslem mduu,d by-h on By is the minimal conlition system 1Imt coineides ~

with that'of g up lo {— l, und mcludLs L"(f]u [ } at ¢, Lcl ni= #C um!'
d:.rm,

. i’ :.= M—im-{-J_ ¥ (gi o By (é' ’)2):1-((_1!' ”2)_:’ I:i’ ]n)

where [,‘," denotes the n-dimensional vector of dic'mtoridl rules whose com-
ponenls are 1! with ie C. The followm;, ub:.nrvaliuu Is used repentedly

“below: il €N denulcs the coalition system. mduced by M,,,,,“ on. B,

j=1,2 lhcn Det[ (l,]lﬂ- #l)>2m+2

C‘u\m I hz =g,

,‘.

[’lck & e B and ]c.l J,‘wg,(ot] .md F=n :j, E g, 0 ', ') ‘where a® s,

. the_profile wxlh compotienls o, ie C (so (@Y= My, o ﬁ)) Clearly
“Ctf ) =2m 4 2. Therelore Cifme € (y) and hy(d) <y I i=a,, then
@)= = galE) Otherwise, note thal- s W1y <21 heenase the

first’ 2m 42 entries -of [ are greater - than #; hence (@) >y~ 1, und,
together with the eﬂrllcrllncthly, this |mphes h{@t) =1y = g,(d).

CLAM 2 li”{vp)c L"(n)]ur all NE B,

Let r;eB, and DsU’(n} Plck m1y &eB" sut,h llml C{a? r;)—-D Then L
CgEy <y and la.],, (‘Jt]«-tl. " ]Iencc h (a]<q dlld DEG"(:;)

"CLAn 3. U{q]::t,"(q) lm uh’ ueB, u:.rh r;<é

et i< & lnd Dy i) l’nk .my de i3 such it .C{d@: u) = [), Thc.nr'

,(a)>:) mld {a)— $> Hence. h,(a):- i and l)ett"(r;)

Cu\m 4. Ce L"(é)

Pick any aeB" wnh C(rx If)H I‘heu I {&)-—fx <Ej [ur all reC :

(@)} @=a <t and L) =¢. chu: h,(a)<¢aud CE(L’,’(E)

CU\‘M 5. D&“:U‘(ﬁ) and c ¢ D imp!y Det["((f)

Lcl D¢l$“((f) bc SULh thdt C ?‘*D Plck ‘any de B" wuh C{o: ﬁ)-*!)
Then g{d)> ¢ and there-exists ie C\D Smcn. for eucly :95 0, I (cc)w-oc > ¢,
In(&@> € and D¢EhE). : 7 _

“ - Claims 1-5 imply that au,f(n) € (r;))»A(Lff(u) um) for ali :,532, E
4(64m), € (a]))"d(lf{r;] €ty for all ~ywe B, ‘with < and

'A-{(’!('” L"{p;))-;.d((_ AU U’(Jl))—l [or ull J‘El}{ with. u>f Therelore
S(AASHe L : |
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i) (E','_(:})c(!ﬁ'(u} for all ye k), let & be the Turgest point for which
CEENEE) # s let Ce CHENEI(E) In this case we construct Uhe sef f so
as to satisly the following propertics:

(i) €3=05;

(i) €)= Cxy) Tor all p> &

(i) €N =CHIN{Pe2V| CeD);

(iv) <& DEEHy) and Ce D imply D¢ €hy).
Lel D=N\C"and m= B, Dcline:

h = A[‘Im (R * (.lw'» o Gy “:i ”1)1?‘- ”’l ' "’1):- ”iv I.’.))-

and nole that if fi'," denotes the right-coalition system induced by My, |,
on 8, then Ee Q) il # £<2m+ LA similar argument to that above
demonstrates thal & f, Ay < d{g, =1 for this case as well,
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